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MIXED OPERATORS ON Lp-DIRECT INTEGRALS
NIKITA EVSEEV AND ALEXANDER MENOVSCHIKOV
Abstract. The notion of decomposable operators acting between different Lp-
direct integrals of Banach spaces is introduced. We show that those operators
generalize the composition operator, in sense that a mapping is replaced by a
binary relation. The necessary and sufficient conditions of the boundedness of
those operators are the main result of the paper.
1. Introduction
We study a particular class of bounded operators on Banach spaces of special
type, namely, decomposable operators on Lp-direct integrals of measurable fami-
lies. Suppose there are a measurable space (Ω, µ) and a family of Banach spaces
{Bω}ω∈Ω. Then the direct integral
∫ ⊕
Ω
Bω dµ is a set of all measurable functions
f : Ω → ∪Bω, such that f(ω) ∈ Bω (exact definition will be given below). The
Lp-direct integral
(∫ ⊕
Ω
Bω dµ
)
Lp
is a set of all measurable functions such that∫
Ω
‖f(ω)‖pω dµ <∞.
This concept (as a generalization of a direct sum) was first introduced in von
Neumann’s papers in the early 1950s and used to classify von Neumann algebras
[1]. The main purpose was closely connected to the formalization of quantum
mechanics. Initially, the theory considered the direct integrals of Hilbert spaces
(see [2–4]), which provides finer analytical tools, for example the direct integral
version of the spectral theorem [5, Theorem 7.1]. Another field of application of
the direct integral is the theory of group representations ( [6–8]). In addition,
various issues of functional analysis are actively studied in spaces that have a
similar structure ( [9]). Also, such spaces appears in applied evolutionary problems
(e.g. [10, 11]).
One of the most natural classes of operators on those spaces is the so-called
decomposable operators ( [8]). A decomposable operator on a Lp-direct integral is
a map ω 7→ L(Bω). A decomposable operator P (ω) is bounded if and only is
‖P (ω)‖L(Bω) ∈ L∞(Ω). (1.1)
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2The aim of this paper is to define the notion of decomposable operators which act
between two different direct integrals and to study conditions when such operators
are bounded.
There is a natural connection to classical operators on function spaces. Consider
a composition operator Cϕ : L
p(Ω′, µ)→ Lq(Ω, ν) which is induced by a mapping
ϕ : Ω → Ω′ and defined by the rule Cϕf = f ◦ ϕ. This operator can be split into
two operators: the first acts onto functions defined on graph Γϕ, and the second
is an isomorphism, induced by projection from the graph to Ω.
Lp(Ω′, µ) Lq(Γϕ, ν ◦ piΩ)
Lq(Ω, ν)
MΓϕ
Cϕ
It turned out that the boundedness of the composition operator Cϕ is equivalent
to the boundedness of operator MΓϕ . This motivates us to study operators of the
more general form MF : L
p(Ω′, µ) → Lq(F, λ), where F ⊂ Ω × Ω′, which defined
by the rule MF [f ](ω, ω
′) = f(ω′) for a.e. (ω, ω′) ∈ F . Operator MF generalize the
notion of the composition operator in sense that a binary relation is used instead
of a mapping.
In sum, the general goal of the paper is to study the boundedness of the operator
induced by the binary relation and acting from one Lp-direct integral to another.
This operator, by virtue of its definition, inherits the properties of the classical
composition operator, but, depending on the specific type of the set F and measure
on it, as well as on the initial families of Banach spaces, can significantly change
the nature of its behavior.
2. Preliminaries
2.1. Lp-direct integrals of Banach spaces. Here we provide a brief account of
the direct integral theory (also see [6,8,12]). Let (Ω, µ) be a measurable space and
V be a vector space. A family of norms {‖ ·‖ω}ω∈Ω on V is said to be a measurable
family of norms, if the function ω 7→ ‖x‖ω is measurable for each x ∈ V . We
define Banach spaces Bω to be a completion V/ ker(‖ · ‖ω) with respect to norms
‖ · ‖ω. Such a family {Bω}ω∈Ω is called a measurable family of Banach spaces on
(Ω, µ, V ).
A mapping f : Ω → ⋃ω∈ΩBω is said to be a section of family {Bω}ω∈Ω, if
f(ω) ∈ Bω for all ω ∈ Ω. A simple section is a section f for which there exist
n ∈ N, x1, . . . , xn ∈ V , and measurable sets A1, . . . , An ⊂ Ω such that f(ω) =∑n
k=1 χAk · xk for all ω ∈ Ω. Further, we shall also call sections just functions.
3Figure 1. A section f takes values in a Banach space Bω depending
on ω, whereas a simple section s takes values in the vector space V
which is in the intersection of all Bω.
Definition 2.1. A section f of {Bω}ω∈Ω is said to be measurable if there exists
a sequence of simple sections {fk}k∈N such that, for a.e. ω ∈ Ω, fk(ω) → f(ω) in
Bω as k →∞.
Let us define a direct integral
∫ ⊕
Ω
Bω dµ of a measurable family of Banach spaces
{Bω}ω∈Ω with respect to measure µ as a space of all equivalence classes of mea-
surable sections.
For every p ∈ [1,∞] we define a Lp-direct integral
(∫ ⊕
Ω
Bω dµ
)
Lp
as a space of
all measurable sections f such that the function ‖f(ω)‖ω belongs to Lp(Ω). (Note
that for a measurable section f the function ω 7→ ‖f(ω)‖ω is measurable in the
usual sense.) Endowed with the norm
‖f‖Lp(Ω,{Bω}) :=
(∫
Ω
‖f(ω)‖pω dµ(ω)
) 1
p
it becomes a Banach space.
2.2. Mixed norm Lebsegue spaces. Let (S, ν), (X, η) be σ-finite measurable
spaces, Ω ⊂ S ×X, and Ωs = {x ∈ X|(s, x) ∈ Ω}. Define a mixed norm Lebesgue
space Lq,α(Ω) as a set of measurable functions f(s, x) with finite norm
||f ||Lq,α(Ω) =
(∫
S
(∫
Ωs
|f(s, x)|α dη(x)
) q
α
dν(s)
) 1
q
.
Remark 2.2. The introduces mixed norm space has a direct integral representation:
Lq,α(Ω) =
(∫ ⊕
S
Lα(Ωs) dν
)
Lq
.
2.3. Analysis on homogeneous spaces.
Definition 2.3. A homogeneous space (X, d, µ) is a quasimetric measure space
with the following two properties (absorption and doubling):
41) There is a constant c1 ≥ 1 such that for all x, y ∈ X and δ > 0 if balls B(x, δ),
B(y, δ) intersect, then B(y, δ) ⊂ B(x, c1δ);
2) For any ball B(x, δ) ⊂ X of positive radius and 0 < µ(B(x, δ)) <∞ there is a
constant c2, that µ(B(x, c1δ)) ≤ c2µ(B(x, δ)).
We will need the following change of variable formula: let ϕ : X → Y be a
measurable mapping, then the formula∫
X
f(ϕ(x)) dµ =
∫
Y
f(y)Jϕ−1(y) dν, (2.1)
is valid if µ ◦ ϕ−1 is absolutely continuous with respect to ν. In the case of
homogeneous spaces the Radon–Nikodym derivative Jϕ−1(y) can be calculated as
the volume derivative of the inverse mapping:
Jϕ−1(y) = lim
r→0
µ(ϕ−1(B(y, r)))
ν(B(y, r))
a. e.
In the article [13] next properties of countable additive set functions were obtain:
Proposition 2.4 ( [13, Corollary 5.]). Let Φ be a monotone countable additive set
function, which defines on some family of open sets in the spaces of homogeneous
type and takes finite values on open balls. Then
1) there exists a finite derivative for almost all x
lim
δ→0,x∈Bδ
Φ(Bδ)
µ(Bδ)
= Φ′(x);
2) Φ′(x) is a measurable function;
3) for any open set U belonging to the given family next inequality holds∫
U
Φ′(x) dµ ≤ Φ(U). (2.2)
As well we will need the Lebesgue differentiation theorem. Let f ∈ L1,loc, then
f(x) = lim
r→0
1
µ(B(x, r))
∫
B(x,r)
f(x) dµ a. e..
3. Mixed operator MF
Let (T, µ) and (S, ν) be spaces measure spaces and {Wt}t∈T , {Vs}s∈S be corre-
sponding measurable families of Banach spaces over vector spaces W and V re-
spectively. Choose a measurable subset F of the product measurable space S × T
and consider a measurable space (F, λ), where λ is some measure. Take an addi-
tional family of Banach spaces {V˜(s,t)}(s,t)∈F , such that V˜(s,t) = Vs for all (s, t) ∈ F .
Note that this family is measurable due to its construction. Next, let
∫ ⊕
T
Wt dµ
and
∫ ⊕
F
V˜(s,t) dλ be direct integrals over these families with respect to measure µ
and λ.
5Let us consider the intersection
⋂
(s,t) B(Wt, Vs), (s, t) ∈ F of all spaces of
bounded linear operators B(Wt, Vs) as a “core” vector space. As a family of norms
{‖ · ‖(s,t)}(s,t)∈F on
⋂B(Wt, Vs) we choose standard operator norms on correspond-
ing Banach spaces B(Wt, Vs). Then we can define a direct integral∫ ⊕
F
B(Wt, Vs) dλ
and we will denote as P : F → ⋃(s,t) B(Wt, Vs) a section of this direct integral.
It is an operator-valued function on F , in sense that P (s, t) ∈ B(Wt, Vs) for each
(s, t) ∈ F .
Now we define the mixed operator
MF :
∫ ⊕
T
Wt dµ→
∫ ⊕
F
V˜(s,t) dλ
induced by measurable function P and set F and acting by the rule
MF [f ](s, t) = P (s, t)[f(t)].
Figure 2.
Lemma 3.1. The mixed operator MF is well-defined, in sense, that if f ∈
∫ ⊕
T
Wt dµ
then MF [f ](s, t) ∈
∫ ⊕
F
V˜(s,t) dλ.
Proof. We have to prove, that measurability (in the sense of sections) of P ∈∫ ⊕
F
B(Wt, Vs) dλ and f ∈
∫ ⊕
T
Wt dµ implies measurability of function MF [f ](s, t) =
g(s, t) ∈ ∫ ⊕
F
V˜(s,t) dλ. Let {Hn}n∈N be a sequence of simple sections in
∫ ⊕
F
B(Wt, Vs) dλ
which converges to P for almost all (s, t) ∈ F and {hn}n∈N be the same sequence
for function f . Then consider the sequence Hn[hn]. Due to construction, elements
6of this sequence are simple sections in
∫ ⊕
F
V˜(s,t) dλ. Let us show that this sequence
converges to g(s, t) for almost all (s, t) ∈ F .
lim
n→∞
‖g(s, t)−Hn(s, t)[hn(t)]‖s
= lim
n→∞
‖P (s, t)[f(t)] + P (s, t)[hn(t)]− P (s, t)[hn(t)]−Hn(s, t)[hn(t)]‖s
≤ lim
n→∞
‖P (s, t)[f(t)]− P (s, t)[hn(t)]‖s + lim
n→∞
‖P (s, t)[hn(t)]−Hn(s, t)[hn(t)]‖s.
By virtue of linearity and boundedness of P (s, t) in the first summand the sequence
P (s, t)[hn(t)] tends to P (s, t)[f(t)] and, hence, limit tends to zero. Consider the
second summand.
lim
n→∞
‖P (s, t)[hn(t)]−Hn(s, t)[hn(t)]‖s
= lim
n→∞
‖P (s, t)[hn(t)]−Hn(s, t)[hn(t)]‖s
‖hn(t)‖t ‖hn(t)‖t
≤ lim
n→∞
sup
‖w‖t 6=0
‖P (s, t)[w]−Hn(s, t)[w]‖s
‖w‖t ‖hn(t)‖t.
The first multiplier tends to zero due to definition of Hn and the second is finite.
Hence, we yield that Hn[hn] converges to g(s, t) for almost all (s, t) ∈ F . 
3.1. Boundedness. Here we are going to study the following question: under
which conditions operator MF is bounded on L
p-direct integrals? It means that for
the operator
MF :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
F
V˜(s,t) dλ
)
Lq
there is a constant K such that
‖MFf‖Lq(F,{V˜(s,t)}) ≤ K‖f‖Lp(T,{Wt})
for all f ∈
(∫ ⊕
T
Wt dµ
)
Lp
. Hereinafter we assume that spaces (T, µ) and (S, ν) are
the spaces of homogeneous type with metrics d and ρ respectively.
We begin with a lemma which describes the boundedness of operatorMF through
an additive set function. Particularly we obtain the dependence of the optimal
constant K on the domain of definition:
‖MFf‖Lq(F∩S×A,{V˜(s,t)}) ≤ Φ(A)‖f‖Lp(A,{Wt}),
for all f ∈
(∫ ⊕
A
Wt dµ
)
Lp
, where A ⊂ T .
Lemma 3.2. Suppose that operator MF is bounded then
Φ(A) = sup
f∈Lp(A,{Wt})
(‖MFf‖Lq(F∩S×A,{V˜(s,t)})
‖f‖Lp(A,{Wt})
)κ
, κ =
pq
p− q
7is a bounded monotone countable additive function on all Borel sets A ⊂ T ,
µ(A) > 0.
Proof. From the very definition of the set function Φ we immediately conclude
Φ(A1) ≤ Φ(A2) whenever A1 ⊂ A2, in particular Φ(A) ≤ Φ(T ) ≤ ‖MF‖κ. Thus
properties of boundedness and monotonicity hold.
Now show the countable additivity of Φ. Let {Ai}i∈N be disjoint Borel sets
in T . Fix ε > 0. The supremum property implies there exist functions {fi} in
Lp(T, {Wt}) such that
‖MFfi‖Lq(F∩S×Ai,{V˜(s,t)}) ≥
(
Φ(Ai)
(
1− ε
2i
)) 1
κ ‖fi‖Lp(Ai,{Wt}). (3.1)
Homogeneity of the Lp norm and operator MF allow us to choose functions {fi}
in such a way that
‖fi‖pLp(Ai,{Wt}) = Φ(Ai)
(
1− ε
2i
)
. (3.2)
We can assume fi = 0 on T \Ai. Then for an arbitrary N ∈ N, we use linearity of
mixed operator and apply inequality (3.1).
∥∥∥∥MF N∑
i=1
fi
∥∥∥∥q
Lq(
⋃
F∩S×Ai,{V˜(s,t)})
=
N∑
i=1
‖MFfi‖qLq(F∩S×Ai,{V˜(s,t)})
≥
N∑
i=1
(
Φ(Ai)
(
1− ε
2i
)) q
κ ‖fi‖qLp(Ai,{Wt}).
Applying equality (3.2) twice one obtains
N∑
i=1
(
Φ(Ai)
(
1− ε
2i
)) q
κ ‖fi‖qLp(Ai,{Wt}) =
N∑
i=1
(‖fi‖Lp(Ai,{Wt})) pqκ ‖fi‖qLp(Ai,{Wt})
=
N∑
i=1
‖fi‖pLp(Ai,{Wt}) =
(
N∑
i=1
‖fi‖pLp(Ai,{Wt})
) p−q
p
(
N∑
i=1
‖fi‖pLp(Ai,{Wt})
) q
p
=
(
N∑
i=1
Φ(Ai)
(
1− ε
2i
)) p−qp ( N∑
i=1
‖fi‖pLp(Ai,{Wt})
) q
p
≥
(
N∑
i=1
Φ(Ai)− εΦ(
⋃
Ai)
) p−q
p ∥∥∥∥ N∑
i=1
fi
∥∥∥∥q
Lp(
⋃
Ai,{Wt})
.
8Thus 
∥∥MF N∑
i=1
fi
∥∥
Lq
(⋃
F∩S×Ai,{V˜(s,t)}
)
∥∥ N∑
i=1
fi
∥∥
Lp
(⋃
Ai,{Wt}
)

κ
≥
N∑
i=1
Φ(Ai)− εΦ
(⋃
Ai
)
,
and it follows
Φ
( ∪ Ai) ≥ N∑
i=1
Φ(Ai).
Check the reverse inequality. With the help of Ho¨lder’s inequality have
∥∥MFf∥∥qLq(⋃F∩S×Ai,{V˜(s,t)}) = N∑
i=1
‖MFf‖qLq(F∩S×Ai,{V˜(s,t)}) ≤
N∑
i=1
(Φ(Ai))
q
κ ‖fi‖qLp(Ai,{Wt})
≤
(
N∑
i=1
Φ(Ai)
) p−q
p
(
N∑
i=1
‖fi‖pLp(Ai,{Wt})
) q
p
.
Consequently, ∥∥MFf∥∥Lq(⋃F∩S×Ai,{V˜(s,t)})
‖f‖Lp(∪Ai,{Wt})
≤
(
N∑
i=1
Φ(Ai)
) 1
κ
and Φ
( ∪ Ai) ≤ N∑
i=1
Φ(Ai) as desired.

Remark 3.3. Lemma 3.2 plays a key roˆle in the proof of the main result (the nec-
essary part). Additivity and boundedness of the set function ensure the existence
of a derivative by proposition 2.4, which is used as an integrable majorant. This
lemma originated by works of S. Vodopyanov and A. Ukhlov (see [13–15]) where
the boundedness of composition operators on Lebesgue and Sobolev spaces was
studied. Operator MF can be viewed as a composition operator with an operator-
valued weight, therefore this approach suits our purpose. Unfortunately, it seems
that lemma valid only in the case of Lp-norms. There are some attempts to obtain
same result for other spaces, but it demand number of additional assumptions (e.
g. [16, Lemma 1], [17, 18]).
The main result of the article is the following theorem.
Theorem 3.4. Let λ be absolutely continuous with respect to µ × ν. Then the
operator MF :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
F
V˜(s,t) dλ
)
Lq
, p ≥ q, is bounded if and only if
P ∈
(∫ ⊕
F
B(Wt, Vs) dλ
)
Lκ,qJ
,
9where Lκ,qJ denote a weighted mixed norm Lebesgue space, J(s, t) =
dλ
dµ×ν is a
Radon-Nikodym derivative of measure λ with respect to µ × ν, and κ = pq
p−q if
p > q and k = ∞ if p = q. In another form, this condition can be represented as
follows
‖P (s, t)‖ · J 1q (s, t) ∈ Lκ,q(F ). (3.3)
Proof. Let p > q. Thanks to lemma 3.2 for any function f ∈ Lp(T, {Wt})) and a
ball B(t, r) ⊂ T we have the next inequality
‖MFf‖Lq(F∩S×B(t,r),{V˜(s,t)}) ≤ Φ
1
κ (B(t, r))‖f‖Lp(B(t,r),{Wt}). (3.4)
Take an arbitrary element eWt ∈ Wt such that ‖eWt‖Wt = 1 and consider the
function g = eWt . Note that ‖g‖Lp(B(t,r),{Wt}) = (µ(B(t, r)))
1
p . Then equation (3.4)
implies
(∫
F∩S×B(t,r)
‖P (s, t)[eWt ]‖qVs dλ(s, t)
) 1
q
≤ Φ 1κ (B(t, r))µ 1p (B(t, r)).
Using properties of Radon-Nikodim derivative and dividing by (µ′(B(t, r)))
1
q we
arrive to the following relation
(
1
µ(B(t, r))
∫
F∩S×B(t,r)
‖P (s, t)[eWt ]‖qVsJ(s, t) dµ× dν(t, s)
) 1
q
≤
(
Φ(B(t, r))
µ(B(t, r))
) 1
κ
.
By the Fubini theorem
∫
S
(
1
µ(B(t, r))
∫
B
χ(F∩S×B(t,r))(s, t)‖P (s, t)[eWt ]‖qVsJ(s, t) dµ(t)
)
dν(s) ≤
(
Φ(B(t, r))
µ(B(t, r))
) q
κ
.
With help of the Lebesgue theorem, Fatou’s lemma, and proposition 2.4 conclude
∫
Ft
‖P (s, t)[eWt ]‖qVsJ(s, t) dν(s) ≤ Φ′(t) a. e. t ∈ T.
10
Figure 3.
Then taking supremum over all eWt ∈ Wt, ‖eWt‖Wt = 1, and integrate over T
we infer that norms of the function in (3.3) are bounded by the set function:∫
T
(∫
Ft
‖P (s, t)‖qJ(s, t) dν(s)
)κ
q
dµ(t) ≤ Φ(T ).
Expression in the right-hand side of this inequality is a norm in the space Lκ,q(F ).
It completes the necessity part.
Now let ‖P (s, t)‖ · J 1q (s, t) ∈ Lκ,q(F ). As P (s, t) are bounded we have
‖MFf‖Lq(F,{V˜(s,t)}) =
(∫
F
‖P (s, t)[f(t)]‖qVs dλ(s, t)
) 1
q
≤
(∫
F
(‖P (s, t)‖‖f(t)‖Wt)q dλ(s, t)
) 1
q
=
(∫
F
χF (s, t)(‖P (s, t)‖‖f(t)‖Wt)qJ(s, t) dν × dµ(s, t)
) 1
q
.
Using Fubini theorem and applying the Ho¨lder’s inequality to the first integral
obtain(∫
T
‖f(t)‖qWt
(∫
S
χF (s, t)‖P (s, t)‖qJ(s, t) dν(s)
)
dµ(t)
) 1
q
≤
(∫
T
(∫
S
χF (s, t)‖P (s, t)‖qJ(s, t) dν(s)
)κ
q
dµ(t)
) 1
κ
(∫
T
‖f(t)‖pWt
) 1
p
=
∥∥∥∥‖P (s, t)‖ · J 1q (s, t)∥∥∥∥
Lκ,q(F )
‖f‖Lp(T,{Wt}).
If p = q. For the necessary part we similarly obtain
ess sup
T
∫
St
‖P (s, t)‖qJ(s, t) dν(s) <∞.
For sufficiency part we need not using the Ho¨lder’s inequality.
Thus the proof of the theorem is complete. 
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In the next series of theorems, we examine some cases, when measure λ is not
absolutely continuous with respect to µ × ν, but it is absolutely continuous with
respect to µ. In such cases, we can use as F sets of µ×ν-zero measure, e.g. graphs
of maps. Describing these situations we will have an opportunity to study classical
composition, multiplication or linear superposition operators.
Let us define measure λT (B) = λ(F ∩ S ×B).
Theorem 3.5. Let λT be absolutely continuous with respect to µ and there exist
a function ρ : T → R+, such that ‖P (s, t)‖ = ρ(t). Then the operator MF :(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
F
V˜(s,t) dλ
)
Lq
, p ≥ q, is bounded if and only if
P ∈
(∫ ⊕
F
B(Wt, Vs) dλ
)
LκJ
,
where J(t) = dλT
dµ
is a a Radon-Nikodym derivative of measure λT with respect to
µ. In another form, this condition can be represented as follows
‖P (s, t)‖ · J 1q (t) ∈ Lκ(T ),
Proof. As in the proof of the theorem 3.4, we have the inequality(∫
F∩S×B(t,r)
‖P (s, t)[eWt ]‖qVs dλ(s, t)
) 1
q
≤ Φ 1κ (B(t, r))µ 1p (B(t, r)).
Taking supremum over all unit elements eWt , in the left-hand side we obtain the
norms of operators ‖P (s, t)‖ = ρ(t). Then, by the definition of the measure λT
and the fact that the integrand does not depend on s, we derive the inequality(∫
B(t,r)
(ρ(t))q dλT (t)
) 1
q
≤ Φ 1κ (B(t, r))µ 1p (B(t, r)).
Repeating the steps of the proof of the theorem 3.4, we obtain the required asser-
tion. 
The set F can be a rather arbitrary nature, for example, it can be a graph of
some mapping ϕ : T → S or ψ : S → T . In particular, if the mapping ψ is
injective, we obtain the following corollary.
Corollary 3.6. Let λT be absolutely continuous with respect to µ and the mapping
ψ : S → T is injective. Then the operator MF :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
Γψ
V˜(s,t) dλ
)
Lq
,
p ≥ q, is bounded if and only if
P ∈
(∫ ⊕
F
B(Wt, Vψ−1(t)) dλ
)
LκJ
,
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where J(t) = dλT
dµ
is a Radon-Nikodym derivative of measure λT with respect to µ
In another form, this condition can be represented as follows
‖P (ψ−1(t), t)‖ · J 1q (t) ∈ Lκ(T ), (3.5)
3.2. Weighted composition operator. Next, we consider the operator Mψ in-
duced by a measurable mapping ψ : S → T and an operator-valued function
P (t, s)
Mψ :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
S
Vs dλ
)
Lq
and acting by the rule
Mψ[f ](s) = P (s, ψ(s))[f(ψ(s))].
Note, that this operator can be considered as a composition operator with operator-
valued weight function.
Theorem 3.7. Let measure ν ◦ψ−1 be absolutely continuous with respect to µ and
the mapping ψ : S → T is injective. Then the operator Mψ :
(∫ ⊕
T
Wt dµ
)
Lp
→(∫ ⊕
S
Vs dν
)
Lq
, p ≥ q, is bounded if and only if
P ∈
(∫ ⊕
S
B(Wt, Vψ−1(t)) dν ◦ ψ−1
)
LκJ
ψ−1
,
where Jψ−1(t) is a volume derivative of the inverse mapping ψ
−1. In another form,
this condition can be represented as follows
‖P (ψ−1(t), t)‖ · J
1
q
ψ−1(t) ∈ Lκ(T ), (3.6)
Remark 3.8. If families {Wt}t∈T and {Vs}s∈S coincide, ψ is identity mapping
(Jψ−1(t) = 1) and p = q (κ = ∞) then we recieve the case of the classical de-
composable operator on the Lp-direct integral and condition (3.6) is equivalent to
condition (1.1).
Proof. Let us introduce the measure λ(A) = ν(piS(A)) for measurable sets A ∈ Γψ.
Then the operator N :
(∫ ⊕
S
Vs dν
)
Lq
→
(∫ ⊕
Γψ
V˜(s,t) dλ
)
Lq
, acting by the rule
N [f ](s, t) = f(s) is an isomorphism. Actually, so dλS
dν
= 1 that, due to the corol-
lary 3.6, operator N is bounded. From the other side, N is a bijection, hence,
according to the Banach theorem about the inverse operator N−1g(s) = g(s, ψ(s))
also bounded.
Now, let Mψ be a bounded operator, then the product MψN is bounded and
by the corollary 3.6 condition (3.5) is satisfied. Note, that the Radon-Nikodym
derivative J(t) = dλT
dµ
coincides with the volume derivative Jψ−1 , i.e. (3.6) is
checked.
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If (3.6) is true, then (3.5) holds, and, therefore, the product MΓψN
−1 is bounded.
This product coinside with Mψ by its construction, and, hence, the theorem is
proved. 
Under additional conditions on the behavior of the norms of the operators P (s, t)
we can refuse the requirement of the injectivity of the mapping ψ.
Theorem 3.9. Let measure ν ◦ψ−1 be absolutely continuous with respect to µ and
norms of operators P (s, t) uniformly bounded above and below (c ≤ ‖P (s, t)‖ ≤ C).
Then the operator Mψ :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
S
Vs dν
)
Lq
, p ≥ q, is bounded if and
only if
J
1
q
ψ−1(t) ∈ Lκ(T ), (3.7)
where Jψ−1(t) is a volume derivative of the inverse mapping.
Proof. We divide the proof into two steps.
Step 1. Let us introduce the measure λ(A) = ν(piS(A)) for measurable sets
A ∈ Γψ. Then λT (B) = ν(ψ−1(B)). Define the necessary and sufficient conditions
for the boundedness of the operator
MΓψ :
(∫ ⊕
T
Wt dµ
)
Lp
→
(∫ ⊕
Γψ
V˜(s,t) dλ
)
Lq
.
As in the proof of the theorem3.4, we have the inequality(∫
F∩S×B(t,r)
‖P (s, t)[eWt ]‖qVs dλ(s, t)
) 1
q
≤ Φ 1κ (B(t, r))µ 1p (B(t, r)).
Taking supremum over all unit elements eWt , in the left-hand side we obtain the
norms of operators ‖P (s, t)‖. Then, due to the definition of λT and boundedness
from below of operators’ norms we deduce the inequality
c(λT (B))
1
q ≤ Φ 1κ (B(t, r))µ 1p (B(t, r)).
Differentiating this inequality, we obtain
c(Jψ−1(t))
κ
q ≤ Φ′(t), a.e. t ∈ T,
i.e,
J
1
q
ψ−1 ∈ Lκ(T ). (3.8)
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Now, let the inequality (3.8) be satisfied. Then, using the upper boundedness
of the norms of operators and the Ho¨lder inequality, we derive
‖MΓψf‖Lq(Γψ ,{V˜(s,t)}) =
(∫
Γψ
‖P (s, t)[f(t)]‖qVs dλ(s, t)
) 1
q
≤ C
(∫
T
‖f(t)‖qWt dλT (t)
) 1
q
= C
(∫
T
‖f(t)‖qWtJψ−1(t) dµ(t)
) 1
q
≤ C
(∫
T
J
κ
q
ψ−1(t) dµ(t)
) 1
κ
(∫
T
‖f(t)‖pWt dµ(t)
) 1
p
.
Step 2. The same arguments as in the proof of the theorem 3.7 from the bound-
edness of the operator MΓψ and the fact that the operator
N :
(∫ ⊕
S
Vs dν
)
Lq
→
(∫ ⊕
Γψ
V˜(s,t) dλ
)
Lq
is an isomorphism, we deduce the conclusion of the theorem. 
Remark 3.10. In the case when the operators P (s, t) are identical, we get the clas-
sical composition operator on Lp-direct integrals. We also note that the resulting
boundedness condition (3.7) coincides with known results for standard Lebesgue
spaces (see, for example, [13, Theorem 4.]).
4. Composition operator on mixed norm Lebesgue spaces
Previously, we were interested in investigating of boundedness of operators on
mixed norm Lebesgue space, in particular, composition operator and multiplica-
tion operator [19]. A mixed norm Lebesgue space can be represented as a Lp-direct
integral, therefore, for this special case, we can obtain similar results as corollaries
from theorems of the previous section.
Given a mapping ϕ : Ω→ Ω′, where Ω′ is a subset in the product of two homoge-
neous spaces T, Y . Consider the question when ϕ induces a bounded composition
operator
Cϕ : L
p,β(Ω′)→ Lq,α(Ω), by the rule Cϕf = f ◦ ϕ.
Therefore it is a natural way to study changes of variables in the form ϕ(s, x) =
(ψ(s), u(s, x)). In this case the composition operator Cϕ is well-defined if ψ enjoys
Luzin N−1-property and u(s, ·) enjoys Luzin N−1-property for almost all s ∈ S.
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S
X
Ω
Ωs
s
Lq,α(Ω)
T
Y
Ω′
Ω′t
ψ(s) = t
Lp,β(Ω′)
ϕ
u(s, ·)
Cϕ
Figure 4.
Theorem 4.1. Measurable mapping ϕ : Ω→ Ω′ of the form ϕ(s, x) = (ψ(s), u(s, x))
induce a bounded operator Cϕ : L
p,β(Ω′)→ Lq,α(Ω), if and only if
J
1
q
ψ−1(t)J
1
α
u−1(t, y) ∈ L
pq
p−q ,
βα
β−α (Ω′). (4.1)
Proof. Will show that the proposition of the theorem is a corollary of theorem
3.7. Mixed norm Lebesgue space Lq,α(Ω) can be represented as Lq(S, {Lα(Ωs)}).
Then operators Pψ(s) : L
β(Ω′ψ(s))→ Lα(Ωs) are composition operators on Lebesgue
spaces. For fixed s ∈ S operator Pψ(s) is induced by function u(s, ·), meaning that
(Pψ(s)f)(s, x) = f(ψ(s), u(s, x)).
Due to [13, Theorem 4] norms of such operators are equal ‖J
1
α
u−1(t, ·)‖
L
βα
β−α (Ω′t)
.

We conclude with the following open question.
Remark 4.2. Our methods do not work for general mappings (ϕ(s, x) = (ψ(s, x), u(s, x))).
Thus the problem is to find the description of composition operators induced by
such mappings.
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